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ABSTRACT. Grain entrapments remain a major concern in the grain industry, with 1,100
incidents documented since the 1970s. One particular concern is the ability of a victim to
breathe while entrapped in grain. Anecdotal reports suggest that victims struggle to
breathe when entrapped in grain to a depth that covers their chests, yet some evidence
indicates that victims should be able to breathe normally as long as their airways are not
blocked regardless of depth. The hypothesis for this discrepancy is that previously pub-
lished experiments measured an active stress state in the grain, while a person breathing
also experiences a passive stress state during inhalation. The passive stress is significantly
larger than the active stress. The objective of this study was to measure the passive stress
when pushing against grain, such as during inhalation, and compare it to active stress
state measurements. An MTS Criterion testing machine, which is a force deformation test-
ing device, was used to push a block horizontally against a column of grain and record the
force and displacement during the movement. The measured passive stress was calculated
from the force and displacement values and ranged from 9.4 to 11.0 kPa at a depth of 20
to 30 cm. These values are three to four times larger than previously published measure-
ments of stresses at similar depths. This result indicates that the discrepancy between ex-
perimental results and anecdotal reports is most likely due to the type of stress state expe-
rienced in grain entrapment. Findings imply that the pressures on the victim’s chest during
entrapment are sufficient to cause breathing difficulties or crush/positional asphyxiation
in some cases. A full-scale study is recommended.

Keywords. Active pressure, Corn pressure, Farm safety, Grain rescue, Passive pressure,
Rib cage.

Grain entrapments remain a topic of interest in the scientific and safety communities, with
1,172 incidents documented by the Purdue Agricultural Safety and Health Program (Issa
et al., 2017a). There has been significant research on the amount of force required to pull
an entrapped body out of a grain mass and the body’s ability to withstand extrication forces
(Schmechta and Matz, 1971; Schwab et al., 1985; Roberts et al., 2015; Issa and Field,
2017). However, research on the pressures that a victim experiences while buried in a grain
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mass remains limited. Moore and Jones (2017) placed particular emphasis on the chest
region, conducting the only known experiment in which the horizontal pressures on the
chest and torso of a mannequin submerged in shelled corn were measured using a sensor
mat. Moore and Jones (2017) found that the pressures exerted on the mat were 2.8 kPa at
a 0.23 m depth and 3.9 kPa at a 1.12 m depth; they concluded that the pressure the victim
experiences was not significant enough to cause crush asphyxiation. However, these results
appear contradictory to grain entrapment data, in which 7% of all entrapment cases (with
the head visible) resulted in a fatality (Issa et al., 2017b). In addition, from anecdotal data,
many of the survivors of grain entrapments found breathing difficult even in shallow en-
trapments. The aim of this study was to reconcile the differences between existing experi-
mental results and anecdotal reports.

Active versus Passive Stress States

To understand the forces that the chest and torso experience, it is important to under-
stand how stresses vary within grain. The first comparative example to look at is Newtonian
fluids such as water. In such fluids, the (gauge) pressure P is given by P = pgh, where p is
the fluid density, g is the gravitational acceleration, and h is depth from the free surface.
This pressure acts equally in all directions and is independent of the diameter of the con-
tainer. In cereal grains, the vertical (ov) and horizontal (ow) stresses are not equal but are
instead related by the material’s Janssen constant, k (refer to Nedderman, 1992, for addi-
tional details):

oH = kov (1)

The exact value of the constant in the Janssen equation depends on the boundary condi-
tions, but two limiting values can be defined depending on the effective internal friction
angle of the grain (5):

Kap = [1 —/+ sin(8))/[1 +/— sin(3)]. @)

The choice of plus or minus symbols in equation 2 depends on whether the material is
in an active (A) or passive (P) stress state. In an active stress state, the horizontal stress is
smaller than the vertical stress, and the first symbols should be used, i.e., ka = [1 — sin(8)]/
[1 + sin(8)] < 0. In a passive stress state, the horizontal stress is larger than the vertical
stress, and the second symbols should be used, i.e., ke = [1 + sin(d)]/[1 — sin(8)] > 0. The
difference in the Janssen constant for the two stress states can be substantial. For example,
the effective internal friction angle for cereal grains at safe storage moistures is in the range
of 16° to 30° (Bhadra et al., 2017); for an angle of 20°, ka = 0.5 and ke = 2.0. Thus, the
horizontal stress can vary by nearly an order of magnitude and in this case by a factor of 4.

Two examples can be used to illustrate the two types of stresses that can occur in a bin
filled with grain. An active stress state develops if the walls of the bin expand outward,
allowing the grain to settle vertically. Similarly, the stress state is passive if the walls of
the bin are pushed inward so that the grain is pushed upward. These limiting stress states
are useful in explaining the stresses experienced by a person entrapped in grain. During
exhalation, the grain near the victim’s chest is in an active state as the chest cavity shrinks.
The horizontal stress pressing against the chest is smaller than the vertical stress for this
case. However, when the person inhales and the chest cavity expands, the surrounding
grain is in a passive state, and the horizontal stress acting on the chest is larger than the
vertical stress. Thus, the work required to inhale can be substantial.
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This analysis helps explain the difference between previously published experimental
results and anecdotal reports of grain entrapments. It is proposed that the experiment con-
ducted by Moore and Jones (2017) measured an active stress, which is the stress state that
typically occurs during filling of a vertical-walled bin, an example used by Nedderman
(1992). However, the chest of a living entrapped victim is expanding and contracting due
to breathing and thus experiences alternating active stresses during exhalation and passive
stresses during inhalation as the chest expands and pushes against the grain. Therefore, a
live victim entrapped in grain experiences a substantially larger force than what is meas-
ured by load cells attached to a non-breathing mannequin.

The objective of this study was to measure the potential stresses acting on the chest of
someone entrapped in shelled corn, to confirm that the entrapped victim’s chest experi-
ences passive stresses when the victim attempts to breath, and to confirm that this passive
stress is larger than the active pressure measured by static load cells. Throughout this arti-
cle, the term stress refers to the scientific definition of stress and not the mental or physical
state of a grain entrapment victim. Pressure refers to the average of normal stresses and
thus is not the correct term to describe passive and active stresses in this article. However,
when citing work that uses the term pressure, that term is used for consistency when de-
scribing the published values.

Methods

To measure passive stress, a three-celled box was built to push grain using a pair of
wooden blocks. A welded steel box measuring 40.6 cm x 40.6 cm (16 in. x 16 in.) and
46.0 cm (18.1 in.) tall was built (fig. 1). An 8.3 cm wide x 5.7 cm high (3.25 in. x 2.25 in.)
rectangular hole was cut into each of two steel panels, which were both 40.6 cm wide and
46.0 cm high (16 in. x 18.1 in.). The rectangular holes were located 10.2 cm from the

Figure 1. Welded box designed to measure passive grain pressure. The rod is attached to a load cell on a
Criterion testing machine (not shown). As the Criterion machine pushes the rod downward, the hinges
push the blocks horizontally.
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bottom edges of the panels and centered horizontally (fig. 2). The holes were created by
cutting slits across the center and along sides of the holes and then bending the steel to
create two shelves to hold the wooden blocks in place (figs. 1 and 2b). The panels were
then placed in the box to create three cells (figs. 1 and 2). The two outer cells were each
15.6 cm (6.1 in) wide.

The rectangular holes allowed two 7.6 cm x 5.1 cm (3 in. x 2 in.) wooden blocks to pass
through them and press on the grain that was placed in the two outer cells (fig. 2a). The
blocks were made of oak, and their sides were sanded and sprayed with 3-in-One Lock Dry
Lube (3-in-One, Budd Lake, N.J.) to reduce friction between the blocks and the steel
shelves. The blocks were attached by hinges to a 40.6 cm (16 in.) rod. Forces exerted on
the blocks were transferred through the hinges and rod to a 500 N load cell (model
LPB.502, 2.328 mV/V sensitivity) that was in turn attached to the crosshead on the load
frame of a Criterion testing machine (model 43, MTS Systems Corp., Eden Prairie, Minn.).

The two outer cells (fig. 1) were filled with corn to within several millimeters of the top
and leveled using a small wooden spatula. The Criterion machine was programmed to
lower the crosshead (with the attached rod) 18 mm vertically at a rate of 0.1 mm s*. This
displacement corresponded to pushing the blocks into the grain approximately 5.1 mm,
with a standard deviation (SD) of 0.9 mm. This movement created a passive stress state
within the grain, similar to what would be experienced by an expanding chest cavity during
inhalation.

In addition to the 30.5 cm (12 in.) grain depth, data were collected for depths of 20.3 cm
(8 in.) and 10.2 cm (4 in.). The depths were chosen to reflect a person entrapped in grain
approximately to the mouth/nose level. Six replicates were conducted at each grain depth.
An experiment was also conducted with no grain in the cells to measure the frictional forces
exerted on the blocks as they moved through the rectangular holes. Three replicates with
no grain in the cells were conducted, and the load cell recorded a maximum force of 0.9 to
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Figure 2. (a) Cross-section of the welded box showing how the blocks are connected to the rod and how
they push the grain and (b) one of the interior panels showing the location of the rectangular hole.
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2.8 N in each replicate. At the end of the study, a run with no grain was conducted to ensure
that the lubrication on the blocks was not removed during the experiments. The maximum
force recorded in that final run was 1.3 N, while the maximum force ranged from 25 to
47 N with grain in the cells (depending on the depth of grain).

Friction Test

To gain a better understanding of what the load cell was measuring, a simpler experi-
ment was designed in which values of the friction coefficient of steel on steel were meas-
ured. In this simpler experiment, the only unknown is the friction coefficient. Thus, the
friction coefficient can be calculated using a standard force equation and the force reported
by the load cell and confirm what the load cell is measuring. In addition, values of the
friction coefficient are available in the literature and could be compared to a control exper-
iment. The rod with the wooden blocks was placed on a flat steel surface. Four steel weights
of approximately 418 g each were placed on either side of the blocks (two on each side).
The Criterion machine was then programmed to move the rod downward at a prescribed
rate. This pushed the blocks and weights outward. Because the only force resisting the
movement of the blocks was the friction force between the weights and the steel plate, the
load cell values could be used to calculate the friction coefficient of steel on steel. As in
the experiments with corn, the wooden blocks were lubricated with 3-in-One Lock Dry
Lube.

Using only the blocks (no steel weights), the load cell recorded a maximum force of
0.3 N per replicate. The load cell used in the friction experiment was a 50 N load cell
(model LSB.501, 1.972 mV/V sensitivity) due to the lower force values (3 to 5 N) antici-
pated. The crosshead of the Criterion machine was lowered vertically at a rate of 0.1 mm
s't. The experiment was also conducted at rates of 1 and 0.01 mm s, and no significant
differences were observed between each of the three rates (fig. 3). The 0.1 mm s* crosshead
speed was chosen because it provided about 2000 data points. In addition, as a control, the
force required to pull the steel blocks across the same steel surface was measured to get an
independent measurement of the friction coefficient of steel on steel (Issa, 2016). Each test
was repeated five times.

5 Rate of
Displacement

A 0.01 mm/s
[y —0.1 mm/s

—1 mm/s

Vertical Force (N)

-0.5
Displacement in y axis (mm)

Figure 3. Comparison of different displacement rates for measurement of the friction coefficient of steel.
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Virtual Work Calculations

To determine the forces acting on a wooden block in both the actual experiments and
the friction test, an energy balance method using the principle of virtual work and a free-
body diagram (fig. 4) were used:

W =0=Foy+2W 15y — 2Rsx— 2 x 3)

where F and P are the vertical and horizontal pin forces, respectively, applied by the Cri-
terion machine on the bar, W is the weight of the hinge side plate, R is the force the grain
exerts on the wooden block, which is in turn exerted on the bar, n is the normal force
exerted on the bar by the guide shelf (shown in fig. 2), f is the frictional force acting on the
bar due to the guide shelf, 6 is the angle the bar makes with the horizontal, and dy and 6x
are the virtual displacements in the vertical and horizontal directions, respectively. Note
that due to symmetry, the bar weight, reaction, and friction forces are doubled in equa-
tion 3. The hinge does not move in the x direction at the point where P is acting, and it does
not move in the y direction at the point where n is acting. Because these forces do not move
through a distance, they do not contribute to the virtual work and are not included in equa-
tion 3. Solving for R gives:

Rz(F+W)%— @)

From the geometry in figure 4b and the Pythagorean theorem, we obtain the following
relationship between 8y and 6x:

dx = dytan® where tanb = . — (5)
12 _y2
Substituting equation 5 into equation 4 gives:
2 2
R=(F+w)YE Y ¢ ©)
2y

The force F is assumed to be zero when there is no bar attached to the load cell meas-
uring this force. Because the load cell was tared after insertion of the rod but before adding
grain, the measured/tared force F’ is defined as:

R
_)l

hinge plate weight
assumed to be at
midpoint

@) (b)

Figure 4. Free-body diagrams of one of the two hinge side plates showing the forces applied by the rod and
wooden block.
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F'=F-F, =F- %Oyz(RyOJrfyO)_W W
\ - )0

where Y is the vertical location at which the load cell is tared. Thus, at position yo, the tared
load cell will register F' = 0 and Ryo = 0. The block force R can be found in terms of the
tared force by substituting equation 7 into equation 6:

(L2 —y?)
2y

R=F' —f ©)

where f' is defined as:

22
f'=1f - 2¥o X (L y) x fy %)
e

For the complete derivation, refer to the Appendix.

The load cell output provided the applied vertical force, which was sampled every 0.1 s.
Equation 8 can be used to calculate the force R for each sampled force. The average R is
determined by taking an average of all values within a range that starts when the hinge has
moved 5° after beginning the experiment and ends when the hinge is 5° from its value at
the end of the experiment (fig. 5). The displacements in the x and y directions were calcu-
lated by fitting a cosine function to the force-displacement curve to predict the initial and
subsequent angles of the hinge. The frictional component of the equation was determined
by conducting the experiment without grain (R = 0). To calculate the passive stress, the
average resultant force was divided by the surface area of the block in contact with the
grain. For the experiment with steel weights, the friction coefficients were calculated by
dividing the resultant force by the mass of the steel weights.

50

45 Region where the resultant force was averaged

Resultant Force (N)
[ [ [ [ w (%) e
o w [=] (%,] o w o

w

50 60 70 20 90
Angle (degrees)

Figure 5. Sample force curve showing the region used to calculate the average force. The angle (0) on the
x-axis is defined in figure 4.
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Uncertainty Analysis
The relative uncertainty in R (ur, expressed as a percentage) due to measurement uncer-
tainties in F', L, f', and y (eq. 9) was calculated as follows:

2 2 2 2
UR =\/UR,F' +UR,L +uR,f' +UR’y (10)
LZ_ 2
where UR F ;aalfl SoF' —% 2—yy oF' (1)
ur =~ R =L (Faw)— Lt JaL (12)
RoL. R 2122
~10R 1
u —o6f '=—(-1)5f" 13
R TR TR 13)
L2_y2
10R 1
YRy TR 2\/ L2 2y

and SF', 8L, 6f', and dy are the absolute uncertainties in F, W, L, f, and y, respectively.
Uncertainty was calculated instantaneously, and the uncertainties in each parameter were
measured as follows:
e OF and &f" were measured by taking the standard deviation of a small interval
(0.5 s) around the point in question (+0.5 s).
o 5L was based on the accuracy of the measuring device (5L = 0.05 mm).
o 3y was the standard deviation of y between replicates (8y = 1.27 mm).

Statistical Analysis

In addition to uncertainty analysis, regression analysis and standard two-tail t-tests (p <
0.05) were run using Excel (Microsoft Corp., Redmond, Wash.) to explore the relationships
and differences between replicate runs for the friction test and the passive stress test.

Grain Properties

Corn was selected for this experiment due to its prevalence in grain entrapments (lssa
et al., 2016). The moisture content, bulk density, size, and angle of repose were measured
(table 1). To obtain representative samples, the sample was poured through a Boerner di-
vider (Seedburo Quality, Chicago, Ill.) several times, splitting the sample into two halves

Table 1. Grain properties for corn used in experiment.

Property Value
Bulk density (p) 760.5 +1.4 kg m®
Moisture content 13.7% £0.1%
Dynamic angle of repose 20.4° £0.4°
Major diameter (length) 12.1+1.4 mm
Intermediate diameter (width) 8.0 £0.8 mm
Minor diameter (thickness) 4.8 £0.9 mm
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and then splitting one of the two halves again, until a sample weighing approximately 1 kg
was obtained (Issa, 2016). Moisture content measurements were based on ASABE Stand-
ard S352.2 (ASABE, 2012). Bulk density was determined by filling a 1.1 L (one dry quart)
cup using a funnel, leveling the surface, measuring the grain mass (in kg), and dividing the
mass by 0.0011 m?® to obtain the bulk density in kg m- (Clementson et al., 2010). Size was
measured using a 15.24 cm (6 in.) Fowler Sulvac Model S 235 Data Caliper (Cole-Parmer
Instrument Co., Vernon Hills, 1l.). The dynamic angle of repose for piling was measured
by pouring a sample into a funnel, opening the funnel outlet so that the grain dropped onto
a flat surface, and measuring the diameter and height of the grain pile. The grain (1.5 L,
1.34 kg) was dropped from a height of 8 cm onto a cardboard surface (Issa, 2016). This
method is similar to the method reported by lleleji and Zhao (2008) for angle of repose
(loose base); the primary difference is the drop height (8 cm vs. 23 cm) due to the type of
material (chopped biomass vs. corn).

Stress Calculations

While there are many methods for modeling the pressure in the system, due to the small
size of the system, the hydrostatic method was used to estimate vertical stress, and equa-
tion 2 was used to estimate the active and passive stresses. To determine the forces on the
wooden block as a whole, the hydrostatic equation was integrated with respect to height,
resulting in the following equation:

2 2
o = ng[%—%] (15)

where p is the bulk density of the grain (kg m), g is the gravitational acceleration (m s),
L is the length of the block (m), and h; and h, (m) are the depth of the top and bottom of
the block, respectively, from the surface of the grain. The measured horizontal stress was
calculated by dividing the measured force on the block by the area of the block. Values for
each variable are reported in table 2, and calculated stresses are reported in table 3.

Table 2. Parameters for the hydrostatic and Jansen pressure equations.

Parameter Value

Length (L) 0.0762 mm

Gravity acceleration (g) 9.81 ms?

Height of block (hs) 0.051 mm
Constant for active stress state (ka)® 0.48
Constant for passive stress state (kp)® 2.07

& Calculated using equation 2. The angle of repose (table 1) is assumed equal to the effective angle of internal
friction due to the non-cohesive nature of the grain.

Table 3. Calculated values of the hydrostatic, active and passive stresses (kPa).

Depth (cm)
Stress 10.2 20.3 30.4
Hydrostatic 0.95 171 2.46
Active 0.46 0.82 1.19
Passive 1.96 3.54 5.11
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Figure 6. Predicted passive stress plotted against measured passive stress.

Results

Friction Test

The average friction coefficient for steel on steel using the block method was 0.23 (SD
0.03). The friction coefficient measured using the control was 0.22 (SD 0.01). These results
are not significantly different from each other (p = 0.26) and are within the range of values
found in the literature for the kinetic friction coefficient of steel (0.09 to 0.6; Chen, 2004).
These results indicate that the virtual work equations developed earlier are a good de-
scriptor for calculating the force acting on the blocks.

Passive Stress Experiment

The passive stress measured by the experiment was 7.82 kPa (SD 0.85 kPa) at 10.2 cm
depth, 9.44 kPa (SD 1.24 kPa) at 20.3 cm depth, and 10.98 kPa (SD 0.77 kPa) at 30.4 cm
depth. The average relative uncertainty across all replicates was 23.0%, with y accounting
for the largest source of uncertainty. These passive stress values were 8.2 times larger than
the hydrostatic pressure at 10.2 cm depth, 5.5 times larger than at 20.3 cm depth, and 4.5
times larger than at 30.4 cm depth. In addition, the experimental values were 4.0, 2.7, and
2.2 times larger than predicted passive pressure values at 10.2, 20.3, and 4.5 cm depths,
respectively. When the experimentally measured passive stresses were plotted against the
predicted passive stresses, and a regression line was fit to the data, the results indicated that
experimental results were consistently 5.85 kPa larger regardless of depth (fig. 6).

Discussion

The pressure values measured in this study were larger than expected. Moore and Jones
(2017) reported a measured pressure of 2.82 kPa at a corn depth of 23.5 cmina 1.83 m
diameter bin. Similar to this experiment, their stress values was 2 to 5 times larger than
stress values from a Janssen analysis assuming an active stress state. In addition, the results
in this experiment were 3 to 4 times larger than the pressure values reported by Moore and
Jones (2017). This result was expected, as ke values are about four times larger than ka
values (table 2). Thompson et al. (1997) measured both lateral and vertical stresses and
found that the lateral stress was 2.7 times greater than the vertical stress at a grain depth of
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2 min an 11 m diameter bin. One surprising result is that in both this experiment and in
the Moore and Jones (2017) study, the measured stress values were 2 to 4 times larger than
the values predicted by Janssen’s equation.

Study Limitations

One of the most significant limitations of this study was the small size of the tank used
in the experiment, which was limited by the dimensions of the Criterion machine. The bin
used by Moore and Jones (2017) was 3.5 times the diameter of the tank used in this study
(0.41 mvs. 1.83 m). This difference is not expected to affect the conclusions of this study
because stress values increase as the hydraulic diameter of a bin increases until it reaches
an asymptotic value. In addition, at shallow depths in grain systems, the pressure is ap-
proximately hydrostatic and thus independent of the bin diameter. This result was con-
firmed by Moore and Jones (2017), who found that their pressure values closely mimicked
hydrostatic values at shallow depths.

Another concern is the close proximity of the walls and bottom of the bin to the pressure
probe, which could have impacted the results. The wooden blocks were approximately
16 cm from the walls and 10 cm from the bottom, and they only moved about 0.5 cm. It is
not likely that the walls would have impacted the results, and the results of Thompson et
al. (1997) support this conclusion.

Conclusions

The results of this study indicate that the grain pressure on a victim trying to breathe
can be 8 to 11 kPa, which is 3 to 4 times larger than the values typically measured with a
static load cell. This finding explains the contrast between anecdotal reports of what vic-
tims experience and static load cell measurements. This method is a closer approximation
to what a victim might experience in a grain entrapment. This result raises concerns be-
cause this larger pressure might be enough to inhibit breathing and cause asphyxiation,
even if the victim’s head is above the grain surface. Hence, expediting the extrication of
the victim or removing grain from around the victim with devices such as grain rescue
tubes is critical to victim survival under most circumstances. In addition, rescuers should
avoid standing on grain on top of or near the victim and should minimize the number of
rescuers in the storage facility to limit the amount of pressure that transfers to the victim.

One concern is the variability of the results in this study. We are unsure of why there is
a large degree of scatter in the repeat experiments. We were careful to maintain consistency
between the repeat experiments and tested potential biases by testing the lubrication before
and afterward, conducting studies with settled versus reloaded grain, checking all assump-
tions in the stress equations, and running an uncertainty analysis. It is not uncommon to
see significant variability in repeat experiments involving particulate materials, especially
when the particle sizes are of the same order of size as the measurement devices. This
variability is due to the statistical variations in the packing of the particles. Because the
measurement variability is large, we chose to include all of the data points in the plot so
the reader can see the repeat experiment values directly. In addition, similar variability was
observed by Moore and Jones (2017).

Future research is needed in full-scale bins to confirm the results of this experiment.
This future research could be designed by placing sensors on flat pouches that can be ex-
panded and contracted within the grain to measure potential pressure during inhalation and
exhalation.
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Appendix

From the geometry in figure 4b and the Pythagorean theorem:

(Lsine—éSy)2 +(Lcose+8x)2 =1° (16)

L%sin20 — 2L3ysinG + (y)° + L2cos20 + 2Lxcos0 + (8x) = L2 (17)

L (sin0 +cos’6) - 2Loysin6+ (3y)° +2Loxcos0+ (8x)° =17 (18)
f negligible negligible

dxcos0 = dysind (19)

8x = dytan® ®)

Note that in going from equation 18 to equation 19, the squares of the virtual displace-
ments have been neglected because these displacements are considered infinitesimally
small.

Substituting equation 5 into equation 4 and solving for R gives:

0=Fdy+2W 23y —2(R+ f )dytan6 (20)
R=FW ¢ 1)
2tano
[(2_ .2
or R=(F+w)YE Y ¢ ©)
2y

The friction force f is a function of the angle 0 or position y, i.e., f = f(y) in general.
Hence, at each given position, a different friction force should be used.

Consider the case when the load cell measuring the force F is tared at a given condition.
The tared force (F') is then defined as:

F'=F-F, =F- %Oyz(Ryo+fyo)—W U]
vk — Yo

where Y is the vertical location at which the load cell is tared. Thus, at position yo, the tared
load cell will register F' = 0. The block force R can be found in terms of the tared force by

substituting equation 7 into equation 6:
. /I 2 y2
R—|:(F +FY0)+W]2—y_f (22)

By definition, at yo, Ryo = 0; thus, using equation 6, Fyo can be simplified to:

24(3): 113-126 125



y0 ~ ¥Yyo
Ryo=0=(Fyo +W) m ~ fyo
)
Fyo = > > fyo—W
LyO yyO
Substituting Fyo into equation 22 yields:
2 2
R=|| Fra| =20 ¢ —w ||+w ¢
2 2 Y 2y
I-yO - yyO
Simplifying equation 25 yields:
2_y2 2 2
R=F Y 2¥o St A
\/LyO yyO 2y
2 2
Finally, set f' to: 2Y0 L -y fyo
\/L YyO 2y
12 _\2
to get: R=F Y=Y ¢

(23)

(24)

(25)

(26)

©)

(®)
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